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Abstract. Stable compact minimal submanifolds of the product of a 
sphere and any Riemannian manifold are classified whenever the di- 
mension of the sphere is at least three. The complete classification of 
the stable compact minimal submanifolds of the product of two spheres 
is obtained. Also, it is proved that the only stable compact minimal 
surfaces of the product of a 2-sphere and any Riemann surface are the 
complex ones. 



1. Introduction 

The study of the second variation of the volume of minimal submani- 
folds into Riemannian manifolds can be considered as a classical problem 
in differential geometry. In fact, the operator of the second variation (the 
Jacobi operator) carries the information about the stability properties of 
the submanifold when it is thought as a stationary point for the volume 
functional. The starting point could be the paper of Simons, [Si], where 
he classified the compact minimal submanifolds of the sphere with the 
lowest index, proving that there are no stable ones. Later, Lawson and 
Simons in [LS] characterized the complex submanifolds of the complex 
projective space as the only stable ones. Ohnita in [Oh] exploited these 
ideas, classifying the compact stable minimal submanifolds of the other 
compact rank-one symmetric spaces, i.e., the real and quaternionic projec- 
tive spaces and the Cayley projective plane. 

Since then, many works have been devoted to study stability and index 
of minimal submanifolds in different ambient Riemannian manifolds. In 
most of these cases one considers two-sided, codimension one minimal 
submanifolds, i.e., hypersurfaces with trivial normal bundle, because in 
this setting the Jacobi operator becomes an operator acting on functions 
(see [FC], [FCS], [DRR] and references therein). For one-sided minimal 
hypersurfaces and for minimal submanifolds with codimension greater 
than one, only a few particular situations have been considered (see [MW], 
[MU], [O], [Oh], [R] and references therein). 
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In this paper we come back to the study of stable compact minimal 
submanifolds with arbitrary codimension, when the ambient manifold is 
the Riemannian product of a sphere S m (r) of radius r and any Riemannian 
manifold M. In this setting, the product of stable minimal submanifolds 
is a stable minimal submanifold of S m (r) x M (see section 2 for details). 
The main contribution in this paper is to prove that the product of stable 
compact minimal submanifolds of S m (r) x M are the only ones. 

Theorem 1. Let M be any Riemannian manifold and = ((p,ip) : E —¥ 
S m (r) x M a minimal immersion of a compact n-manifold Z, n > 2, satisfy- 
ing either m > 3 or m = 2 and O is a hyper surf ace. Then, <3> is stable if and only 

if 

(1) E = S m (r) and <E>(E) is a slice S m (r) x {q} with q a point of M. 

(2) E is a covering of M and <E>(E) is a slice {p} x M with p a point of 
S m (r). 

(3) ip : E — > M is a stable minimal submanifold and <E>(E) is {p} x xp(M) 
with p a point ofS m (r). 

(4) E = S m (r) x E, O = x xp, and xp : E -4 M is a sto&ie minimal 
submanifold. 

If T = S^l) x S^l) and O : T ->■ S^r) x T the totally geodesic em- 
bedding given by <&(x,y) = (rx^x,]/), where xy denotes the product of 
the unit complex numbers x and y, then <E> is stable and O(T) is not the 
product of stable minimal submanifolds. Also, if O : S 2 (r) —> S 2 (r) x S 2 (r) 
is the diagonal map O(x) = (x, x), then O is a stable totally geodesic em- 
bedding (see [CU] for details) and 0(S 2 (r)) is not the product of stable 
minimal submanifolds. So, in this setting, the above result is the best one. 

It is well-known that the complex submanifolds of any Kahler manifold 
are stable minimal submanifolds, and it is a hard and interesting problem 
to know which Kahler manifolds have their complex submanifolds as the 
only stable minimal submanifolds (see [MW], [SY]). As we mentioned 
before, this is the case of the complex projective space (see [LS]). In our 
setting, the only sphere which admits a Kahler structure is S 2 (r), and then 
if M is any Riemann surface, we have on S 2 (r) x M two Kahler structures: 
Ji = (Jo, J), h = (—Jo, J), where Jo is the complex structure on S 2 (r) and 
/ the Kahler structure on M. Clearly F(x,y) = (—x,y) defines a holomor- 
phic isometry between (S 2 (r) x M,/i) and (S 2 (r) x M, J2). We prove that 
the complex compact surfaces of these Kahler surfaces are the only stable 
compact minimal surfaces. 

Theorem 2. Let M be any Riemann surface and <I> = (<p, ip) : E — ¥ S 2 (r) x M 
a minimal immersion of a compact surface E. Then, O is stable if and only if 
E is orientable and O is a complex immersion of the Riemann surface E into 
S 2 (r) x M with respect to one of the two complex structures that S 2 (r) x M has. 
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As a corollary of these two results, we obtain the complete classification 
of the stable compact minimal submanifolds of the product of two spheres: 

Corollary 1. Let = ((p,ip) : E —¥ S ni (ri) x S n2 (r 2 ) be a minimal immersion 
of a compact n-manifold E, n > 2. Then, O is stable if and only if one of the 
following possibilities occurs: 

(1) E = S ni (ri) andO(E) is a slice S" 1 (n) x {q} withqapointofS n2 (r 2 ). 

(2) E = S" 2 (r 2 ) and O(E) is a slice {p} x S" 2 (r 2 ) with p a point o/S" 1 (n). 

(3) n\ = n 2 = n = 2, E is orientable and O is a complex immersion of 
the Riemann surface E in S 2 (ri) x S 2 (r 2 ) with respect to one of the two 
complex structures that S 2 (ri) x S 2 (r 2 ) has. 

In the proof of these results we use the same idea in order to get suit- 
able test normal sections. This idea consists into taking, as test sections, 
normal components of parallel vector fields of the Euclidean space where 
the sphere S n (r) sits. 

2. Preliminaries 

Let Mi x M 2 be the Riemannian product of two Riemannian manifolds 
Mi and M 2 of dimensions n\ and n 2 and P the product structure on Mi x 
M 2 defined as the tensor 

P(v) = P(vi,v 2 ) = [vi,-v 2 ), v = (v h v 2 ) G T (m) Mi x M 2 . 

We note that, 

TMi = {ve T(Mi x M 2 ) | Pv = v}, TM 2 = {v G T(Mi x M 2 ) | Pv = -v}. 

It is clear that: 

(1) P is a linear isometry 

(2) P is parallel, i.e. VP = 0, 

(3) P 2 = Id and tr P = ni — n 2 , where tr stands for the trace. 

The curvature R of Mi x M 2 is given in terms of the curvatures Rj of 
Mi, i = 1, 2, as follows: 

£(17, it;)* = {R\{vi,Wi)xi,R 2 (v 2 ,w 2 )x 2 ), 

where v = (^i,^), w = (tfi,w 2 ) and z = (zi,z 2 ). 

Let O : E — > Mi x M 2 be a minimal immersion of a compact n-dimensional 
manifold E. The Jacobi operator L of the second variation is a strongly el- 
liptic operator acting on the space T(T ± E) of sections of the normal bundle 
of O, given by 

L = A 1 - + 58 + JR, 
where is the second order operator 
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and 53 and 9\ are the endomorphisms defined as follows: 

®(J7) = <r{ei,A n ei) t = 



where ?y G T(T ± Z) / {ei,...,e n } is an orthonormal reference tangent to E, 
is the normal connection, a is the second fundamental form of O, A n 
is the shape operator and _L denotes normal component. The quadratic 
form associated to L is defined by 



The index of O is the index of the quadratic form Q and the immersion O 
is called stable if its index is zero, i.e., 

O is stable if and only if Q(n) > 0, \/t] G T(T ± Z). 

If O, : E; —> Mi, are minimal immersions of the compact manifolds E,, i = 
1,2, then O = Oi x 2 : Ei x E2 — > M\ x M2 is also a minimal immersion. 
Moreover, r(T ± E / ) is a subspace of r(T ± (Ei x E 2 )) and if m G r(T ± E / ), 
then it is easy to check that 

Q(m) = QiiVi) volume (E 2 ), Q(t] 2 ) = Qi{rj 2 ) volume (E a ), 

where Q, are the quadratic forms associated to O,, i = 1, 2. 

On the other hand, given a normal section r\ G T(T ± (Ei x E2)), for any 
(p, (?) G Ei x E2, we have that 

It is clear that (t]i) q G T(T ± E 1 ) for any q G E 2 , and that (n 2 ) p G r(T ± E 2 ) 
for any p £ Ej, Moreover, it is straightforward to check that 



Hence we have proved that: 

Ox x 2 : Ei x E 2 -4 Mi x M 2 fs stofc/e ff and on/y zf O,- : E, -4 M,-, f = 
1, 2, are sfaWe. 



Proof of Theorem 1. As the examples appearing in (1), (2), (3) and (4) are 
product of stable minimal submanifolds (some of them of dimension or 
codimension zero), they are stable minimal submanifolds. 

Conversely, let O : E — > S m (r) x M be a stable minimal immersion of 
codimension p. We consider S m (r) C R m+1 . Given a vector a G K m+1 , its 
normal component to O (respectively its tangential component to E) will 
be denote by rj a (respectively X a ). We shall use r/ a as test section, hence we 
next compute L (//„). 

Let {ei : i = 1, . . .,n} be a local orthonormal reference in TE and {£„ : 
a. = 1, . . . ,p} a local orthonormal reference in T^E. We will denote by 





3. Proofs of the results. 
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A the square n-matrix Ajj = (Pe(,ej) and by B the square p-matrix B a p = 

Deriving the vector a G R m+1 with respect to and taking normal and 
tangential components to E we obtain that 



(3-1) V^, 
(3.2) V e! X, 



Deriving again (3.1) with respect to e, and using that (p*(v) = (v + Pv)/2 
for any v G TL, we obtain 



= -a(X a ,ei) 



(<P> a ) 
2r 2 



«=i 

n 



A X J7« = " E{( Vtr X g i' X «' g i) + < r ( e o V e; X fl )} 



1=1 



4 r 2 1 "-l/»/\-l/WW 2f2 



Now using the Codazzi equation, (3.2) and the definition of the Jacobi 
operator, we get 



L na =f j {R{X a + Vaf e l )e i )^+ { ^$- £ A^ej) 
i=l Lr i,j=l 

* + Pet, a) (Pe u ^ - £ (Pe . &> 



zr i !> 



From the expression of the curvature R and as P(X fl + rj a ) = X a + ^ fl/ it is 
easy to check that 



i=i zr i> zr 
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If {a\, . . .,a m +i} is an orthonormal basis of R m+1 , then using the above 
two formulas we obtain that 

fc=l ""' i,a,fc 

I 

_ n + trA P 2 _ „ (P£ a ,g,-)(e I - + Pe,-,& + P6 t ) 

- o r 2 ^lU^Ul 4 2 

or l «=1 /> 

(n+trA)(p + trB) 1 „ 2 
4 r 2 ? r 2 Z^V e ''fc"/ • 

*'l ^' i,K 

Since tr A + tr B = tr P = 2m — n — p and 

n = t \ Pe i\ 2 = t ( pe i> e i) 2 + E( Pe ^«) 2 = tr (^ 2 ) + E( Pe ^«) 2 ' 

1=1 !,;= 1 !,« !,« 

we obtain that 

m+l j 

E ( L ^- fo) = 73 t 2 tr (^ 2 ) " ( tr A f + 2(m — n) tr A + n(2m — n — 2)] . 

fc=i 

The stability of O implies that < E* Q{Va k ) = - E* Je^a/c/'K)' so we 
finally get that 

(3.3) 0< / [-2tr(A 2 ) + (tr A) 2 - 2(m - n) tr A - n(2m - n - 2)] dZ. 

J E 

To use this stability inequality we will consider three different cases: 

First case: n < m and m > 3. 

The Schwarz inequality implies that (tr A) 2 < ntr(A 2 ) and the equality 
holds if and only if A = Aid for certain function A on Z. So (3.3) becomes 

(3.4) < ^(trA + n) (^-^xr A -2m + n + 2^j dZ. 

As — n < tr A < n and m > 3, the integrand is non-negative, hence the 
equality holds in the above inequality. This means that A = Aid and either 
tr A = — n or tr A = n = m. So we have that either A = —Id or A = Id 
and n = m. 

Second case: n > m and m > 3. 

In this setting, for any point x G E, we have that dim ker dcp x > n — m 
and so, there exists an (n — m) -dimensional linear subspace V x C T X Z 
such that Pv = — v for any v £ V x . Hence, we can decompose T X Z = 
y x © Z x , with Z x orthogonal to V x and dimZ x = n — (n — m) = m. Thus, 
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our matrix A can be written as A = —Id © A, with A{; = (Pzj,Zj), and 
{zi, . . .,z p } being an orthonormal basis of Z x . In particular, 

trA = m-n + trA, tr(A 2 ) = n - m + tr(A 2 ). 

Then (3.3) becomes 

0< / (-2tr(A 2 ) + (trA) 2 -m(m-2))c?E. 

The Schwarz inequality implies that (tr A) 2 < mtr(A 2 ) and the equality 
occurs if and only if A = Aid for certain function A on E. So the above 
integral inequality transforms into 

(3.5) < /((trA) 2 -m 2 )dZ. 

As m > 3 and — m < tr A < m, the integrand of (3.5) is non-positive and 
we obtain the equality in (3.5), which means that tr A = ±m and A = Aid. 
So, A = ±Id. Hence we obtain that either A = —Id or A = —Id® Id. 

Third case: p = 1 and m = 2. 

Following the argument used to get (3.3) and changing the matrix A by 
B, it is straightforward to get a second version of the stability inequality 

< J [-2 tr(B 2 ) + (tr B) 2 - 2{m - p) tr B - p{2m - p - 2)} cffi. 

If the codimension p = 1, then the matrix B = A for certain function A. 
Then, taking m = 2, the above inequality become in 



< -^(A + l) 2 cffi. 



Since the integrand is non-negative, the equality holds in the above in- 
equality, which means that A = — 1. 

On the other hand, if n = 2, then the equality holds in (3.4), and so, 
A = Aid. Hence 1 = tr P = tr A + tr B = 2A-1 and we obtain that 
A = Id. 

If n > 2 = m, then the equality holds in (3.5), and so A = Aid. Hence 
3-n = trP = trA + trB = 2- n + 2A-l and we obtain that A = Id. So 
A = -Id® Id. 

In summary, if O is stable, the matrix A has only three possibilities: 

A = -Id, A = Id n = m, A = -Id © Id. 

When A = -Id, we have that Pe, = — e,- + (Pe,)^, for 1 < i < n. As 
P is an isometry (Pe,-) 1 - = , and hence Pv = — v for any v G TZ. This 
means that (p*(v) = for any v G TE and so, (p is a constant map. Hence 
i/> : E — > M is either an stable minimal immersion if n < dim M or E is a 
covering of M if n = dimM. We obtain the cases (3) and (2). 
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When n = m and A = Id, using a similar argument as before, xp : E — > 
M is constant and (p : E — > S n (r) is the identity. We obtain the case (1). 

The last possibility means that we have two orthogonal distributions Di 
and D 2 on E of dimensions m and n — m respectively defined by 

Di = {v £ TE I Pv = v} D 2 = {v £ TE | Pv = -v}, 

such that TE = D\ © D 2 . In fact, <p : E — > S m (r) is a Riemannian sub- 
mersion for which D\ defines the vertical subspaces and D 2 defines the 
horizontal ones. As P is parallel, these distributions are totally geodesic fo- 
liations on E, and so E = S m (r) x E 2 and O = Id x 2 where 2 : E 2 -> M 
is a stable submanifold. We obtain the case (4). □ 

Proof of Theorem 2. As n = m = 2, we get the equality in (3.4) and then 
the matrix A = Aid, for certain function A on E. In this setting, if C0j is 
the Kahler 2-forms associated to the complex structures of S 2 (r) x M, 
i = 1, 2, it is straightforward to check that 

(A n -A 22 ) 2 + 4A? 2 = (2- |0*o;i| 2 )(2- |0*o; 2 | 2 ). 

As A = Aid, then (2 - |0*o;i| 2 )(2 - |0*o; 2 | 2 ) = 0. But the minimal sur- 
faces of Kahler surfaces are either complex or the set of complex points 
are isolated (see [W]), from where we obtain that either |<E>*a;i| = 2 or 
|0*a; 2 | = 2. This means that O is a complex immersion with respect to 
either }\ or / 2 . □ 
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